In this work we study the potential for utilizing the scattering of polarized neutrons from nuclei whose spin has been modulated using nuclear magnetic resonance (NMR). From first principles, we present an in-depth development of the differential scattering cross sections that would arise in such measurements from a hypothetical target system containing nuclei with non-zero spins. In particular, we investigate the modulation of the polarized scattering cross sections following the application of radio frequency pulses that impart initial transverse rotations to selected sets of spin-1/2 nuclei. The long-term aim is to provide a foundational treatment of the scattering cross section associated with enhancing scattering signals from selected nuclei using NMR techniques, thus employing minimal chemical or isotopic alterations, so as to advance the knowledge of macromolecular or liquid structure. Published by AIP Publishing. [http://dx
I. INTRODUCTION
In this work we continue the investigation of the potential for manipulating nuclear spins by nuclear magnetic resonance (NMR) techniques in order to enhance scattering of polarized neutrons from selected nuclei, a strategy that was proposed and described previously by Buckingham. 1 That work broadly considered the overall feasibility and utility of such experiments with a potential aim, for example, of studying slow structural changes such as those that occur in biological macromolecules. If scattering from NMR-selected nuclei can be robustly accomplished, it could serve as an extremely useful probe of soft-matter and other liquid systems. Our goal here is to develop a sound, foundational framework for calculating the neutron scattering cross sections associated with such experiments. Establishing these cross sections will be a basis for designing and evaluating experimental strategies to measure the desired signals, which are likely to be very small. The needed framework should be rigorous, yet flexible enough to address a variety of experimental strategies.
The present project was motivated by two pressing needs of very long standing. One is the need to create methods of more directly measuring the probabilistic, molecular orientation-dependent structure of liquids and liquid mixtures. Whereas standard techniques of small-angle X-ray (SAXS) and small-angle neutron scattering (SANS) have long been used to quantify liquid structure, the associated orientational information that can emerge, while certainly available, remains rather indirect. Knowing orientation-dependent liquid structure more quantitatively would facilitate the task of constructing sound statistical thermodynamic models for the liquid structure, free energy, chemical potentials, and other thermodynamic properties of importance in a broad variety of fields, ranging from chemical engineering to physiology. [2] [3] [4] a) mnksps@rit.edu b) gmtsps@rit.edu Particularly pressing realms in which orientation-dependent liquid structure is important include those of developing more understanding of the physics that produces the variety of effects that point mutations have on disease, such as cataract. [5] [6] [7] [8] Another motivating, pressing need is that of supplementing current methods to measure the structure of biological macromolecules, in order to help circumvent the bottleneck of crystallization and the limitations of NMR structural methods.
In a nutshell, the basic physical idea behind the present work is to find some way to use NMR to take advantage of the nuclear spin-dependent cross sections for neutron scattering. Simply put, can one "light up" the nuclei of one's choice using some type of NMR spin preparation, and then use neutron scattering to see how far apart the selected nuclei are, while minimizing the signal from other nuclei? Could one ultimately even use neutron scattering to take advantage of the fact that different nuclei of the same type in the same molecule generally have slightly different Larmor frequencies, owing to their different chemical shifts?
From one point of view, the daunting and perhaps even discouraging aspect of trying to carry out such a task is the prospect of the tiny differences in neutron scattering signals that would be associated with the common, very small degrees of nuclear spin polarization. Current NMR preparation and signal-detection methods and equipment are exquisitely sensitive to signals associated with small degrees of nuclear polarization, but can small-angle neutron scattering also be made sensitive enough to be useful for the problems posed above at the outset? In Ref. 1, Buckingham has already provided orderof-magnitude estimates of the signal to be expected given the available neutron flux at that time. He gave an estimate that about a day of measurement time would be needed to achieve a signal-to-noise ratio of about 10, on a given detector out of an array of detectors, for the parameters used. That estimate made use of a typical degree of target proton polarization of 10 5 , at 300 K in a 600 MHz NMR magnet. Based on that estimate, the signal-to-noise obtainable in an NMR-modulated neutron scattering scenario may prove to be practically feasible. As pointed out by Buckingham, the signal-to-noise ratio should increase as the square-root of the incident neutron flux, and indeed, in the intervening years the fluxes available at various facilities worldwide have increased, with yet further improvements envisioned.
Many further considerations are needed to go beyond the order-of-magnitude signal-to-noise estimate given by Buckingham in order to evaluate the feasibility of specific sample environments, sample choices, beam and detector configurations, NMR preparation and neutron scattering protocols, and analysis methods. For example, NMR aspects affecting signal strength that are not considered in Ref. 1, nor in the present work, include density operator representations of selective preparation pulses, of relaxation considerations, and of the effects of spin coupling. The specifics associated with a chosen scenario will lead to a particular angular and temporal scattering signature that will call for appropriately tailored analysis protocols. Because the sensitivity considerations are intricate for each such choice, in this work our focus is on cross section considerations that are basic to large classes of design combinations.
In this spirit, the intended focus of the present work is to lay an essential part of the groundwork for making quantitative evaluations of the sensitivity of strategies proposed to achieve useful NMR-modulated, spin-polarized neutron scattering. By having suitable expressions, built from first principles, for the fundamental scattering cross sections for spin-polarized neutrons incident on an NMR-prepared sample, one can eventually be in a position to quantify the signal-to-noise ratio that would be expected from given, putative experimental designs.
In view of the extraordinary and growing variety and sophistication of useful NMR pulse sequences (e.g., Ref. 9), combined with conceivably time-resolved, inherently angledependent polarized SANS, here we can only scratch the surface of the possible types of NMR-modulated SANS experiments that could be envisioned. To get started assembling the needed elements from the quantum mechanical description of both the neutron scattering and the NMR, here we have made a relatively simple choice.
We now briefly describe related aspects of previous work (see also Ref. 1). Neutron scattering from polarized nuclei was first demonstrated in crystals. [10] [11] [12] [13] Hayter, Jenkin, and White 14 detected a neutron scattering signal created using NMR pulses to flip nuclear polarization in crystals of lanthanum magnesium nitrate at low temperatures. They made use of the theoretical cross sections for the scattering of a polarized neutron beam from spin-polarized nuclei that were developed by Halpern and Johnson, 15 Blume and Schermer, [16] [17] [18] Moon, 19 and other authors cited in Refs. 18 and 19. Scattering of neutrons from frozen biological and polymeric samples, spin-polarized at low temperatures, has been demonstrated and used for their study, for example, Refs. 20-23. Dynamic nuclear polarization 24, 25 (DNP) has also long been under investigation for its ability to polarize nuclei to enhance neutron scattering investigations. [26] [27] [28] [29] [30] Some of these methods may be useful for enhancing cross sections to be calculated below, as pointed out in Ref. 1 . However, DNP typically makes use of components that are added to the system in order to provide for transferring polarization from electrons to nuclei. Here, in contrast to these works, our focus is on the possibility of scattering of spin-polarized neutrons from liquid, NMR spin-modulated samples that do not have added components.
In this work we provide a theoretical cross section formulation that is sufficiently general to encompass NMR preparation protocols that reflect the fact that the density operator of the spin or spin-plus-lattice system is a rigorous, natural, and customary quantum-mechanical description of NMR preparation and measurement pulse procedures. 9, [31] [32] [33] [34] The cross sections calculated in our present work agree with those in Refs. 18 and 19 if magnetic contributions of electronic origin are not significant and if the target spin-density operator is diagonal, as is appropriate, for example, for computing thermal averages. The formulations in Ref. 18 as well as in more recent work 35 use a density operator to describe the state of the neutron beam but not that of the target. To emphasize, our focus is on the density operator of the sample, not that of the beam, and is most appropriate for use with wellpolarized beams. It is important to note that while Refs. 18 and 19 do not use the density operator of the target system, they nevertheless treat the state of the sample in a form that is useful for the calculation of thermal averages and can also be adapted to some NMR pulse protocols, as demonstrated in Ref. 14.
II. STATIC SCATTERING CROSS SECTION AND SPIN-SPACE DECOUPLING APPROXIMATION
We begin with a useful form for the ensemble-average static cross section for the scattering of polarized neutrons from a spin-polarized target system, 36, 37 
where Q = k − k is the wavevector transfer between the initial neutron wavevector k and the final wavevector k , r j denotes the position of target nucleus j, andb ss j is the scattering-length operator for target nucleus j that connects the incident neutron spin state s with the final neutron spin state s . In Eq. (1), we have denoted the ensemble average by double brackets ( . . . ) to emphasize the fact that it is an average over both the spins and the positions of the nuclei.
Denoting the polarization-state of the neutron |s by either |+ , for spin up, or by |− , for spin down, the scattering length operators for the jth nucleus can be written in terms of its z-component, raising, and lowering angular momentum operatorsÎ z ,Î + , andÎ − , respectively, as follows: 36
in which, for any one particular target nucleus, the constants A and B can be expressed in terms of the two scalar scattering lengths b + and b , which correspond to the cases where the total spin quantum numbers, t, of the neutron-nucleus system are t + = I + 1 2 and t = I − 1 2 , respectively. Specifically,
in which I j is the total spin quantum number for nucleus j. The utility of the expressions in Eqs. (2) and (3) stems from the fact that b + and b values have been determined experimentally and tabulated for various nuclei. 36, 37 In the following we develop the cross section given by Eq. (1) when the spin states of the nuclei respond to an applied magnetic field, to various NMR pulses, and to other factors that affect their degree of polarization. For simplicity in the present treatment we assume that the responses of different nuclei to the imposed external fields are independent of one another. Technically, as will be developed below, this is equivalent to assuming that the density operators for the nuclear spin states factor into products of density operators for each nucleus and that the nuclear spin states are uncorrelated with their relative positions. However, it is important to note that spin states of different nuclei can nevertheless be closely related to one another, owing to their commonality of response to applied fields and other sample conditions.
By making the decoupling approximations just described, for the time being we postpone the more complicated description of polarized neutron scattering that will be needed when nuclear spins are linked by one or a few covalent bonds by scalar, or J-coupling, and when nuclear spins are directly coupled by through-space spin-spin interactions. Also, as discussed below, for the present purpose we neglect the coupling with the surroundings ("lattice") that will lead to longitudinal and transverse relaxation of the nuclear spin polarizations. Due in part to the spatial proximity needed for the coupling effects, the associated spin and position variables have correlations that the present analysis does not consider.
In the context of our present neglect of scalar and direct spin-spin coupling, it should be kept in mind that the Fourier transform of scattering length correlations provided by SANS can respond to spatial correlations ranging from those at interatomic scales to those at distances very large compared with even large biological macromolecules. Because these accessible SANS distance scales greatly exceed those needed for nuclear spin-spin coupling, there remains a large realm of spatial separations to which the present analysis will apply, despite the neglect of scalar and direct coupling.
In regard to the present neglect of longitudinal and transverse relaxation processes, we anticipate that their ultimate essential effect will be to replace the signal strengths presented below by appropriate time-average integrals. These time-averages and their associated durations will be critical for designing effective preparation and measurement cycle timing and strategy. While the prototypical calculation presented here will need to be considerably altered to reflect the more elaborate nature of the density matrix, its basic nature and magnitude will nevertheless remain fundamentally relevant.
Consistent with the present decoupling approximation, we rewrite Eq. (1) to distinguish between the spin average, denoted by an overline (. . .) and the spatial average, denoted by ,
At this point, it is interesting to note that each of the indices i and j enters into both the spin and the spatial averages that appear in Eq. (4). As a consequence, despite the assumption that the spin states of different nuclei are independent of their relative positions, the results of evaluating the spin averages of the cross sections, for various types of polarized neutron scattering from an NMR-modulated sample, can in principle lead to methods of gaining information about the relative positions r ji = r j − r i of NMR-selected nuclei. 1 We now consider further the spin-averaged scatteringlength product that appears in Eq. (4). This can be expressed in terms of the joint spin-state density-operator for spins i and j,ρ ij,spin ,
Again consistent with our present neglect of J and direct coupling, we assume, for different nuclei, that the joint spinstate density-operator can be written as a product of spindensity operators for spins i and j:ρ ij,spin =ρ i,spinρj,spin , in whichρ i,spin is the single-nucleus density matrix for nucleus i and has the property Tr[ρ i,spin ] = 1. On the other hand, if i = j, we haveρ ij,spin =ρ i,spin . Equivalently,ρ ij,spin = (ρ i,spin −ρ i,spinρj,spin )δ ij +ρ i,spinρj,spin . Consequently,
in which we have omitted the "spin" designation from the density operators for clarity, and in which Tr (i) represents a "reduced" trace over the spin states for nucleus i alone. The two cases can be written together as
However, because terms for which i = j are the only ones that contribute to the portion in curly brackets, we can replace j by i in that term to obtain
We now define coherent and incoherent cross sections as follows: . Eq. (12), in combination with the expressions in Eqs. (2), (3), (9), and (10), allows for calculation of both the Q-independent incoherent cross section and the coherent polarized neutron scattering cross section from a spin-polarized target, all within the present spin-space decoupling approximation. In the calculations below, for clarity we now use the elastic scattering consequence k = k in elaborating specific instances of Eq. (12).
III. SPIN-DENSITY OPERATOR FOR A PROTOTYPICAL NMR-SANS EXPERIMENT
We now use Eq. (12) to calculate the cross sections resulting from a prototypical, candidate NMR spin-modulation scenario. This requires a model of the spin-density operators of the system needed to evaluate Eqs. (9) and (10) . In the present work we restrict our analysis of the static cross section to density operators that are independent of time, which, nevertheless, we will need to have evolved forward in time starting from an equilibrium or other steady-state situation. To this end, we consider a single spin-1/2 nucleus that initially has probabilities p + and p of being spin-up and spin-down, respectively, along the positive z-axis (p + + p = 1), to which an NMR pulse will subsequently be applied.
The following derivation of the density operator needed to evaluate Eq. (12), for our choice of a prototype NMR preparation scenario, follows a standard pattern in the study of NMR, and its physical basis is well-described in a number of books, for example, Refs. 9, 31-34, and 37. Nevertheless, we include the details relevant to the present case, in part because we hope that the present work can be readily followed by investigators in each of the fields of nuclear magnetic resonance and small-angle neutron scattering, who may be less familiar with the other field. By doing so we also set notation for subsequent analysis of possibly useful experimental protocols that emerge from the resulting cross sections and establish a starting point for analysis of more sophisticated NMR preparation schemes as well as effects whose analysis we postpone here.
We take the density operator at time t = 0 to bê
whereÎ is the identity operator and P = (+1)p + + (1)p = 2p + 1 is the polarization state of the target nucleus
. This form ofρ, where the off-diagonal elements are zero, is applicable if the phases of the quantummechanical spin states of the target nuclei are randomly distributed. That is to say, the density matrix of the target system does not exhibit any coherence (definite phase relationship) between the up and down spin states. For example, this form would hold for a statistical mixture of up and down states in thermal equilibrium. We note at the outset that while the polarization may be set by conditions of thermal equilibrium, in which case the polarization is typically quite small at normal temperatures, there exist techniques by which P can be significantly increased; see, for example, Refs. 25 and 38-40. It may then become necessary to incorporate non-zero off-diagonal elements into the initial density operator. We now find the single-nucleus density operatorρ i immediately after a radio-frequency (RF) pulse that is applied to a nucleus that is initially in polarization state P i , as described by the density operator in Eq. (13) .
During the pulse, the total applied magnetic field is
The negative sign in front of e y makes the sense of rotation of the RF field the same as the sense of the Larmor precession about the z-axis due to the longitudinal field. Eq. (13) gives the t = 0 density matrix as viewed in the laboratory reference frame. However 31,37 at any time t, one can transform between the density matrixρ in the lab frame to a density matrixρ R viewed from a frame that rotates at the RF ω according tô
where the operatorR
produces a rotation of angle ωt + φ about the z-axis. But at t = 0,R andρ (0) commute, so we haveρ R (0) =ρ (0). In the lab frame, the density matrix at time t is obtained by solving the equation of motion
governed by the time-dependent lab-frame interaction HamiltonianĤ
whereμ = γ I is the magnetic-moment operator for a nucleus with spinÎ. γ is the gyromagnetic ratio of the nucleus. The lab Hamiltonian is then
For clarity in this section, in the Hamiltonian we regard the symbols H 0 and H RF as standing for the shielded magnetic fields at the nucleus, H 0 (1 − σ j ) and H RF (1 − σ j ), where σ j stands for the orientationally averaged chemical shift of nucleus j; thus, we assume that the sample is in the liquid state. For clarity we also set the phases φ = 0 in the developments below; these can readily be put back as the need arises. Eq. (20) can be transformed to (see, e.g., Ref. 37, Section 10.
Combining Eqs. (15), (16), (18) , and (21), one finds the equation of motion for the density matrix in the rotating frame to have the same form as that given in the lab frame but governed by an effective HamiltonianĤ eff that is independent of time, i.e.,
where we have used the definition
Observe that when the RF ω matches the Larmor precession frequency given by ω 0 = γH 0 , then h 0 vanishes and
, when the RF is at resonance with the Larmor frequency, the effective Hamiltonian in the rotating frame looks exactly like a lab Hamiltonian in a static field H RF directed along the x-axis. Consequently, from the vantage point of the rotating frame, the spin-state will "precess," or flip about the x-axis at frequency ω flip = γH RF . In other words, one introduces a "θ x -pulse" (rotating the spin-state by angle θ x away from the z-axis) by applying an RF pulse of duration t = θ x /ω flip = θ x /γH RF . If the RF is off-resonance, a transverse precession will also occur in the rotating frame at frequency |ω − ω 0 |. We will now work in the rotating reference frame, with the understanding that we will ultimately transform back to the laboratory frame in order to use the appropriate density matrix for calculating the corresponding polarized neutron scattering cross sections in Eqs. (9) and (10) . Let the duration of the RF pulse be t p . Because the effective Hamiltonian in the rotating frame is time-independent, one can evolve the density matrix forward from time t = 0 to the end of the pulse at time t = t p according toρ
Because the RF is assumed to be close to resonance, during the time the pulse is on, we have H RF h 0 , so we approximate the Hamiltonian asĤ
The rotating-frame density matrix at the end of the pulse is then given bŷ 
Again using Ref. 37, Section 10.4, this can be rewritten aŝ
i.e., the operator sequence in the second term of the last line of Eq. (27) corresponds to a rotation about the x-axis.
Transforming back to the laboratory frame with use of Eq. (16), the density operator at the end of the pulse iŝ
in which we have inserted the subscript "i" to refer to the ith nucleus. In terms of the raising and lowering operators for nucleus i, and using ωt p = (ω/(ω flip ) i )θ i , Eq. (29) can be rewritten in the form
The resulting density operatorρ i is Hermitian and has trace 1, as it must. Use of the raising and lowering operators, as in Eq. (30), greatly simplifies the evaluation of the traces over spin states needed to evaluate the scattering cross sections in Eqs. (9) and (10).
IV. POLARIZED NEUTRON SCATTERING CROSS SECTIONS FOR A PROTOTYPICAL NMR-SANS EXPERIMENT
We now envision a hypothetical scenario, depicted schematically in Fig. 1 , in which a collection of nuclei has been prepared with NMR so that it is well-modeled by the spin density operator given in Eq. (30) . The sample is then quickly removed from the magnetic field H 0 , and polarized neutron scattering is performed during the time interval within which the selected nuclei in the sample remain sufficiently polarized. The sample is then returned to the NMR apparatus, and the cycle is repeated. As mentioned above, we postpone quantitative consideration of the relaxation effects that will affect the evolution of the density operator subsequent to times when Eq. (30) is a good model.
We now use Eq. (30) to calculate the neutron scattering cross sections for the various cases of incident neutron spin (s = ±) and detected neutron-spin (s = ±). By keeping the subscript i on the density operator for each of the distinct target nuclei, including on the initial rotation angle θ i , we retain the ability of the formalism to model distinct scattering cross sections that correspond to nuclei of different chemical elements, or to nuclei that have differing chemical shifts, or that have undergone distinct NMR preparations.
For s = + and s = +, or the (++)-case, from Eqs. (2), (9), and (10), we need to evaluate
For evaluating the traces found here and later, observe that
Upon inserting the expression forρ j from Eq. (30) into Eq. (31), note first that the parts of the trace corresponding to the cross terms involving the complex exponentials both vanish because they multiply the raising and lowering operators. Of the remaining terms in the trace, those that are independent of the polarization P j are
in which we have used
The terms that involve P j are 
Similarly, because b ++
For the incoherent cross section in Eq. (10), we also need
in the last line of which we first used Eq. 
We now assemble the results above. First, with the use of Eqs. (9), (35) , and (36) we have
while with use of Eqs. (10) and (38) , in addition to (35) and (36), we have
Inserting Eqs. (39) and (40) into Eq. (12), we obtain the (++) cross section in the form
Because of the similar forms of the respective scattering length operators (Eq. (2)), the () cross section can be obtained by replacing B i in the (++) cross section of Eq. (41) with B i ,
Note that Eqs. (41) and (42) show that if a (++) cross section were to be measured with a set of NMR rotation preparation angles {θ i }, it would have the same value as a () cross section prepared so that each θ i is replaced by its supplement,
We now compare Eqs. (39)- (41) with the corresponding scattering length and governing cross sections given in Eqs. (2) and (4) as the contribution of nucleus α to the incoherent portion of the scattering cross section. As a further consequence, the present Eqs. (41) and (42) each predict that upon taking the difference between θ = 0 and θ = π pulse (++) (or ()) cross sections, the incoherent portions would cancel with one another. In contrast, according to Eq. (44), upon taking the same difference, each nucleus would instead contribute b effective (i)[θ i =0] = 2ABP to the incoherent cross section.
As an important check, we note that Eqs. (41) and (42) reduce correctly to the cross sections for neutron scattering from an unpolarized target by setting the polarizations P i , which are normally very small, to 0. In that case, one has
giving
For N unpolarized target nuclei of a single spin-1 2 species, Eq. (46) reduces further to the expected result for the no spin-flip case for scattering from an unpolarized target, 3, 36, 37 dσ
in which S( Q) is the static structure factor, and in which we have used the definition 37
We now compute the corresponding neutron spin-flip scattering cross sections. For the (+) case,
In addition to the traces previously considered, also observe that
We thus obtain
Similarly
Also
We now use Eq. (32) again to evaluate the additionally needed traces,
Therefore
Thus
and
Therefore, the (+)-type of spin-flip scattering cross section for a collection of nuclei that are well-described by the density operatorρ of Eq. (30) is
The (+)-case, considered in the same fashion, yields
Also,
Therefore the (+)-type of spin-flip scattering cross section is
We note that for the zero-polarization case, Eqs. (58) and (64) both give the expected result for spin-flip scattering, which is solely incoherent,
for a single species the cross section in Eq. (65) becomes (2/3)Nb 2 inc , where we have used Eq. (48). It is interesting to note that, unlike the case for zero polarization spin-flip scattering, Eqs. (58) and (64) show that spinflip scattering from a NMR-prepared, polarized sample can produce Q-dependent scattering cross sections, provided that the sample has nonzero polarizations P i with corresponding values of θ i that are neither 0 nor π.
V. OBTAINING STRUCTURE FACTORS OF NMR-SELECTED NUCLEI
With use of the cross sections detailed in Eqs. (41), (42), (58), and (64), we now consider possible experiments designed so that sums and differences of their results may give useful information about NMR-selected partial structure factors.
We note first that an experiment that measures the difference between the two no-spin-flip cross sections gives no incoherent background and gives structural information that involves the polarization of only one of the nuclei of each pair of nuclei,
(66) Because of the relationship shown in Eq. (43), we note that Eq. (66) is also the cross section that corresponds to the following combination of (++) cross sections, taken at sets of supplementary θ i values:
Therefore, in the special case in which each θ i = 0, Eq. (67) gives the polarized neutron scattering contrast that was studied by Buckingham for a square-wave succession of π-pulses in Ref. 1 . A difference experiment that uses the two spin-flip cross sections yields a constant background,
For the no-spin-flip cases, if one applies a π/2-pulse to all types of nuclei, the scattering cross sections are not sensitive to the nuclear polarization states, being given by an expression that matches that in Eq. (46),
We now consider the sum experiment for the no-flip scattering cases,
Comparison of Eqs. (70) and (69) suggests that the following combination of the sum experiment with the no-spin-flip π/2-pulse experiment yields
here the superscript "aa" indicates the fact that the θ = π/2 experiment is a no-spin-flip experiment that could be either (++) or (), or indeed the average of the two. Provided adequate signal strength, this or closely related experiments could prove very useful indeed, because the structure factor incorporates the polarization of each nucleus of a pair, and thus points to the possibility of NMR control of which pairs of nuclei contribute to the scattering. By the same token, however, because products of polarizations enter into the cross sections in Eqs. (69) and (71), the corresponding experiments place a more stringent requirement on the needed degree of polarization than would those whose cross sections are represented by Eqs. (66) and (67).
To illustrate the possible use of the experiment described by Eq. (71), we consider the following scenario: suppose one wants to "light up" scattering from a particular spin-1 2 nuclear species of just one type, call it α, e.g., 1 H, 15 N, or 13 C. To do so one could apply a sequence of shaped pulses that cause all the other types, β, to have θ β = π/2, so that cos θ β = 0 (these "lie down"), while having little effect on the α-type nuclei. When the results of such experiments are combined as in Eq. (71), only terms having B i = B α will contribute. For simplicity we also assume that P i = P α and θ i = θ j = θ α for all remaining i and j of type α. Under these assumptions, Eq. (71) becomes
in which
is the structure factor of the α-type nuclei, and N α is the total number of such nuclei.
If there is a set of nuclear types, say, α, β, and γ, the procedure that results in the cross section shown in Eq. (72) could be applied separately to isolate the structure factors S αα ( Q), S ββ ( Q), and S γγ ( Q). Further, by applying π/2-pulses to just the β-nuclei, while leaving the α and γ-type nuclei at suitable rotation angles θ α π/2 θ γ , one would then be in a position to determine the cross terms that enter into the partial structure factor S αγ ( Q). Specifically, under these conditions Eq. (71) 
in which we have used the definition
which is similar to the ones found in Refs. 41 and 42; here it is important to note that there are different definitions of partial structure factors S αγ ( Q) in use and that the terminology is also used to refer to partial structure factors in which the individual scatterers are taken to be molecules (see, for example, Ref. 4), unlike the usage here. We anticipate that the pulses needed to prepare experiments to which Eqs. (72) and (74) are applicable can readily be produced because of the widely differing Larmor frequencies of the different nuclei. In principle, one could also imagine such a scheme applied to nuclei that have different chemical shifts, provided that sufficiently selective preparation pulses are practical, given other constraints on the measurement process.
In like fashion to that by which Eqs. (72) and (74) We now briefly consider a different type of experimental scenario, but one which we anticipate can still make use of the form of the density operator given by Eq. (30) , and hence can be analyzed with use of the cross sections presented above. In this new scenario, instead of removing the sample from the field H 0 at the end of the pulse, one instead leaves the sample in the static field H 0 and continues to irradiate the sample with the field H RF at the frequency ω, while at the same time measuring the polarized neutron scattering, now as a function of time. Such a procedure was mentioned by Buckingham in Ref. 1 . For the present we set aside important, relevant considerations of longitudinal and transverse relaxation, as we did for the scenario considered above.
As stated above, in the new, continuous irradiation experiment, we anticipate that a density operator similar to that in Eq. (30) can be used to describe the state of the system at each time t. However, in this new density operator, we substitute the running time of the experiment, t, in place of the pulse length t p that appears in Eq. (29) , which is equivalent to Eq. (30) . Because ωt p = (ω/(ω flip ) i )θ i , that implies that to study the general nature of the time-dependent cross sections that would result, we can now replace the quantities θ i by γ i H RF (1 − σ i )t in the cross sections given above. By doing so, we use a quasi-static approximation of timedependent, but essentially elastic, scattering in introducing this continuous irradiation scenario. We also set aside quantitative treatment of an accompanying inelastic scattering, a possibility that emerges for this experimental scenario in view of the fact that the density operator in the laboratory frame is now a function of time. It is convenient here to note that in elastic scattering, because k = k , the scattering angle θ satisfies
With use of these approximations for analyzing the continuous irradiation experiment, the (++) cross section given by Eq. (41), as an example, now becomes
in which (ω i ) flip = γ i H RF (1 − σ i ). Thus, the (++) cross section will now exhibit a part that is constant in time that matches the cross section for unpolarized scattering in Eq. (46), together with superimposed temporal oscillations. Because of the factor e i Q· r ji , some of these oscillations depend on scattering angle θ, while those in the incoherent cross section, combined with the terms i = j in the double sum, will be independent of θ. and will therefore include all the distinct values of (ω i ) flip present in the sample, together with all of their possible sums and differences, (ω i ) flip + (ω j ) flip and |(ω i ) flip − (ω j ) flip |, respectively. We note that because the scale of the frequencies (ω i ) flip can be controlled experimentally by setting the value of H RF , one has the possibility of adjusting H RF so as to control the frequencies to advantage. This may serve to make measurements practical for a given neutron flux and provide for increasing the validity of the quasi-static approximation.
Thus, in view of the time-dependence of cross sections like that illustrated by Eq. (76), together with possibly useful combinations of such cross sections analogous to those in Eqs. (66)- (75), one can envision a temporal Fourier transform version of NMR spin-modulated, polarized neutron scattering. In this version, the scattering-angle dependences of each component of the Fourier transform of the timedependent, quasi-static cross sections may in principle be used to measure the structure factors for nuclei with each discernible flip frequency, and for measuring partial structure factors corresponding to each of the pairs of nuclear types that have discernible sums or differences of their flip frequencies.
VI. SUMMARY AND CONCLUSIONS
We have developed first-principles expressions for the four types of differential cross sections that would arise in the scattering of polarized neutrons from spin-1/2 nuclei whose spins have been modulated using NMR. In particular, we have considered an NMR pulse that rotates the expectation value of the nuclear spins through a chosen angle, starting from the direction along which both the nuclei and the incident neutrons are initially polarized. For each type of polarized scattering, we have derived generalized structure factors that explicitly show the linear and quadratic dependences of the scattering cross sections on the degree of polarization of each of the sample nuclei. In doing so, we have also identified the incoherent and coherent contributions to the cross sections. While these cross sections agree with the standard ones in the case of an unpolarized sample, more generally they change according to the specific density operator appropriate for the NMR preparation used. We have then considered combinations of the four polarized scattering-experiment types that, in principle, could be used to measure NMR-selected partial structure factors. Finally, we have used our analysis to discuss further 1 the potential for Fourier transform, NMR-modulated polarized neutron scattering.
Further work is needed in order to investigate the feasibility of NMR-modulated neutron scattering. First, it will be useful to calculate the polarized scattering cross sections that would result from use of selective NMR pulse shaping and sequencing. Second, it is important to find effective ways of optimizing methods of weak-signal detection that take full advantage of (Q, ω)-space, as well as temporal considerations relative to timing of pulses. Third, the formalism needs to be generalized and extended in order to robustly handle target T1/T2 relaxation considerations, as well as alternate experimental scenarios. Fourth, it would be interesting to develop the corresponding scattering cross sections when the spin-decoupling approximations used here are removed. Fifth, analysis of the conditions under which the quasi-static approximation is a good one, and of the possible utility of inelastic scattering, would be of interest in the context of the Fourier transform version. Finally, it would be interesting to extend the present analysis to include nuclei having spin values beyond that of 1/2.
